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Abstract 
In this paper we present some general theorems on functional equivalence of spaces which 
give further generalizations of many well-known results. In particular, we prove that in the class of 
spaces of the point countable type the metrizability, the p-paracompactness and the paracompactness 
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1. Introduction 
Our main interest is the question: which topological properties are functional invari- 
ants? We shall use the notations and terminology from [3,13,20,22,24]. All considered 
spaces are assumed to be Tychonoff. Throughout this article each normed linear space is 
considered to be nontrivial, IY 1 denotes the cardinality of a set Y, clx A or cl A denotes 
the closure of a set A in a space X, N = (0, 1,2, . .} and on N we consider the discrete 
topology, LjX denotes the Stone-tech compactification of a space X, a Cartesian product 
of spaces is equipped with the Tychonoff topology, lR denotes the linear space of reals 
with the usual topology. 
A subset L of a space X is said to be bounded if f(L) is a bounded subset of JR for 
each continuous function f on X. A space X is called a p-space or a ,u-complete space 
if the closure clx L of every bounded subset L C X is compact. 
A point x E X is said to be wq-point of X if there exists a countable sequence 
{U, : n E N} of neighborhoods of the point z in X for which each set { z71 E Un: R E N} 
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is bounded in X. If every point of the space X is a wq-point, then we say that X is a 
wq-space (see [30]). 
Denote by Ke the class of all p-spaces, by Ki the class of all wq-spaces and K2 = 
KonK,. 
If X and 2 are topological spaces, then C(X, 2) denotes the space of all continuous 
mappings of X into 2. 
If L C X and U C 2 then a(L, U) = {f E C(X, 2): f(L) C U}. 
Throughout this paper by a(X) denote a given family of compact subsets of X with 
the properties: A U B E a(X) for all A, B E a(X); A fT B E a(X) for all A E a(X) 
and every closed subset B of X; X = U{A: A E a(X)}. The family a(X) is called a 
compact set-ring on X. 
If o(X) is a compact set-ring on X then by Ca(X, 2) we denote the set C(X, 2) in 
the topology of uniform convergence on elements of cr(X) with the base {a(L, U): L f 
a(X), U is open in 2). 
The family p(X) = {F C X: F is finite} is the minimal compact set-ring on X 
and k(X) = {F & X: F is compact} is the maximal compact set-ring on X. On 
C,(X, 2) = C@(X, 2) for a(X) = p(X) we have the topology of pointwise conver- 
gence and on Ck(X,Z) = Ca(X, 2) for o(X) = k(X) we have the compact-open 
topology or the topology of compact convergence. 
Let a(X) be a set-ring on X and Y be a closed subset of X. On a(XlY) = {F E 
a(X): F C Y} we consider the topology with the base 
{{F E a(XlY): F C U}: U is open in X}. 
The set-ring a(X) is called a set-ring of countable type if: 
- cy(XIY) is a Lindelof space for every compact subspace Y of X; 
_ for every compact subspace Y of X and every countable subset D of C,(Y, E), 
where o(Y) = o(XIY), there exists a countable subset H of Ca(X,E) such that 
the mapping 7r : H + D, where n(f) = fly f or every f E H, is a homeomorphism 
of H onto D. 
The families p(X) and k(X) are the set-rings of countable type. This fact follows 
from Dugundji extension theorem (see [20,301). 
Fix the normed linear spaces E and F. 
Definition 1.1. The topological spaces X and Y are called: 
_ Z,(E, F)-equivalent if for some given compact set-rings a(X) on X and o(Y) on 
Y the spaces C,(X, E) and Col(Y, F) are linearly homeomorphic; 
- Zk(E, F)-equivalent if the spaces Ck(X, E) and Ck (Y, F) are linearly homeomor- 
phic; 
- Z,(E, F)-equivalent if the spaces C,(X, E) and C,(Y, F) are linearly homeomor- 
phic. 
The I(,)(R, IR)-equivalent spaces are called l(.)-equivalent. 
A topological property P is called an I,(E, F)-’ invariant if it is preserved by the 
relation of the Z,(E, F)-equivalence. 
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The starting point of the present article is determined by the results of A.V. Arhan- 
gel’skii [l-4], J. Baars and J. de Groot [12,13] and V. Valov [30] about topological 
properties of the set-valued mapping suppx. We introduce the minimal extension SX of 
~upp,~. As a result we obtain the new general methods of distinguishing the 1,(E? F)- 
invariants. 
General Theorem 1.2. Let a topological property P satisfy the condition: 
(p) if f : X -+ Y is a pe$ect mapping of X onto Y, then X E P if and only if 
Y E P. 
Then P is an l,(E, F)-invariant in the class K2 of all p-complete wq-spaces. 
Corollary 1.3. Consider on spaces only compact set-rings of countable type. Paracom- 
pactness, p-paracompactness, Lindeltijness are I, (E. F)-invariant properties in the class 
KI of all wq-spaces. 
In [4], A. Arhangel’skii announced the result of N. VeliEko that Lindelofness is an 
&-invariant property. 
General Theorem 1.4. Let topological property P satisfj, the condition: 
(oi) if f :X + Y is an open finite-to-one continuous mapping onto a space Y E P, 
then X E P. 
Then the property “to be a continuous image of a space with the property P” is an 
l,(E, F)-invariant property. 
General Theorem 1.5. Let a topological property P satisfy the condition (oi) and the 
following condition: 
(ci) [f f : X + Y is a continuous mapping of a space X E P onto Y, then Y E P. 
Then P is an l,(E, F)-invariant. 
Corollary 1.6. The density, the hereditary Lindelof number and the hereditary density 
are l,(E, F)-invariant properties. 
Corollary 1.6 gives an answer to Question 4.11 in [9]. After this paper was com- 
pleted, Prof. A.V. Arhangel’skii kindly has informed the author that recently 0. Okunev 
has proved that hereditary density and the hereditary Lindelof number are t,-invariant 
properties. 
2. Set-valued mappings 
Let cp : X 4 Y be a set-valued mapping, i.e., cp(z) be a subset of Y for every II: E X. 
For A C X and B C_ Y we use the denotations 
p(A) = U{v(z): x E A} and 
&(A) = {x E X: p(x) n A # S}. 
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If cp and cp-’ are compact-valued upper semicontinuous mappings we say that cp is 
perfect. The mapping cp is called a bounded mapping if p(A) is a bounded subset of 
the space Y for every bounded subset A of X. The graph of the mapping cp is the 
set Gr(cp) = ((2, y): 2 E X, y E (p(z)} of X x Y. The mapping ‘p has a closed 
graph if Gr(cp) is a closed subset of X x Y. The projections cpx : Gr(cp) + X and 
‘py : Gr(cp) + Y are single-valued continuous mappings and cp(z) = (py (cp;’ (z)). Every 
set-valued mapping is determined by its graph. For each set-valued mapping cp :X ---) Y 
there exists a unique set-valued mapping G such that Gr(+) = clxxy Gr(cp). We say 
that II, is a Y-minimal extension of ‘p. 
Proposition 2.1. If cp :X -+ Y is a set-valued mapping then: 
(1) cp is lower semicontinuous (1.s.c.) if and only if the projection cpx is an open 
mapping; 
(2) if cp is upper semicontinuous (u.s.c.), then the graph Gr(cp) is closed; 
(3) ‘p is upper semicontinuous compact-valued (u.s.c.c.) if and only if the projection 
‘p is a perfect mapping; 
(4) cp is finite-valued if and only if the projection cpx is finite-to-one. 
Proof. The assertions (l)-(3) are proved in [ 121. The assertion (4) is obvious. 0 
Theorem 2.2. Let II, : X + Y be the minimal extension of a bounded set-valued mapping 
cp:X-+Y,Ybeap-space,zo~clx(cp-‘(Y)) d an 20 be a wq-point of X. Then +(zo) 
is a nonempty compact subset of Y and + is upper semicontinuous at ~0. 
Proof. There exists a sequence {Un: n E RI} of open subsets of X such that x0 E 
u n+i C U, for every n E N and any sequence {yn E Un: n E N} is bounded in X. We 
Put 
P = n { cly(cp(U,)): n E N}. 
Consider the /?Y-minimal extension 0 : X -+ ,BY of cp. Then p(x) C g(z) & 19(z) and 
0 is U.S.C.C. It is sufficient to prove that $(x0) = 0(x:,), i.e., B(Q) C Y. 
Suppose that for some f E C(Y) there is a sequence {b, E P: n E N} such that 
f(&+i) > f(&) + 6. Then {V, = {u E Y: /f(y) - f(bn)l < 1): n E N} is an open 
discrete system in the space Y. For every n E W there exists a point 2, E U, n ‘p-i (I/n). 
The set L = (2,: n E N} is bounded in X and p(L) contains nonbounded subset 
. {bn. n E N}. Hence P is a nonempty compact subset of Y. 
Let y E ,BY\P. Then there exists an open in PY set W such that y E IV and 
P n clpy W = 0. Suppose that for every n E N there exist points 2, E U, and 
yn E W n cp(xn). For every n E N the set L, = cly {yi: i > n} is nonempty compact 
* and L,+l & L, C cloy W. Then L = n{Ln. n E N} is a nonempty compact set and 
L C P fl clpy IV. This contradiction proves that W n ‘p( Urn) = 8 for some m E N. Then 
(zu,y)~U~xW=H, HnGr(cp)=I?Jand( ICO, y) $! Gr(B). Therefore $(zo) = 13(x0), 
completing the proof. 0 
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Corollary 2.3. Let cp :X -+ Y be a bounded closed graph set-valued mapping of a 
‘wq-space X into a p-space Y. Then p is U.S.C.C. 
Definition 2.4. The pair of set-valued mappings cp : X 4 Y and $ : Y + X is called: 
- set-reflective if cp and $ are bounded mappings, 5 E clx $(9(x)) for all z E X 
and y E cly cp($(y)) for all y E Y; 
- perfect-reflective if cp, $ is a set-reflective pair of u.s.c.c. mappings. 
Theorem 2.5. Let cp : X --+ Y and $ : Y -+ X be a pe$ect-reflective pair of set-valued 
mappings. Then there exists a pet$ect set-valued mapping 0 : X + Y such that: 
(1) 0 and F’ is a pe$ect-reflective pair of set-valued mappings; 
(2) Gr(@ = Gr(cp) n Gr($); 
(3) 2 E IF’ (O(Z)) for every 5 E X; 
(4) y E 0(8-‘(y)) for every y E Y; 
(5) OX is a perfect mapping of Gr(6’) onto X; 
(6) Oy is a perfect mapping of Gr(0) onto Y. 
Proof. From the assumptions the set H = Gr(cp) n Gr($) is closed and the mapping 6’ 
with the graph Gr(#) = H is perfect, 9~ = ‘px\H and BY = y&lH, where cpx and 
$y are perfect single-valued mappings. Let 3: E X. Because q(z) is a compact set and 
$ is u.s.c.c., +(cp(z)) is compact and 2 E clx $(p(x)) = $((p(z)). Hence from some 
y E p(x) we have J: E Q(y), (2, y) E H and 2 E P’(Q(z)). The proof is complete. 0 
Corollary 2.6. Let X and Y be p-complete wq-spaces, cp : X -+ Y and $ : Y + X be 
a set-rejective pair Then there exists a perfect mapping 0 : X -+ Y such that 0 and 0-l 
make up a perfect-repective pair ofset-valued mappings and Gr(B) = cl Gr(cp) n cl Gr(+). 
3. Spaces and open finite-to-one mappings 
Usually the covering properties are not invariant under continuous open finite-to-one 
mappings, but for many of them the hereditary versions are invariant under these map- 
pings. In [ 161 it was proved that hereditary paracompactness and hereditary metacompact- 
ness are invariant under continuous open finite-to-one mappings. By a slight modification 
of the method from [ 161 we can prove the invariance of the following properties under 
continuous open finite-to-one mappings: 
(A) hereditary r-metacompactness; 
(B) hereditary r-metalindelof property. 
The preservation of different properties under open mappings was studied in [6- 
8,15,16,18]. 
Proposition 3.1. If f : X 4 Y is a continuous open finite-to-one mapping of a space 
X onto a hereditarily r-Linderlof space Y, then there exists a family {Ha: a E A} of 
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subsets ofX such that (Al < 7, X = U{H@: a E A}, flHol is a homeomorphism and 
H, is the difference of closed sets in X for all cy E A. 
Proof. Denote by Mn the set {y E Y: If-‘(y)1 = n}. Then X = U{f-‘(A&): n E lV} 
and it is sufficient to prove the assertion for X = f-‘k& for some given n E N. In 
this case f-‘(y) = (21 (y), . . , 2, (y)} for each y E Y. For all y E Y we fix the 
open in Y set Uy and the open in X sets Vt y 3 zt (y), . . . , V,y 3 zn(y) such that 
f(Ey) = Uy for every i < n and &y n Vjy = 0 for 1 < i < j < n. The open cover 
{Uy: y E Y} contains some subcover {Uy: y E Yt c Y}, where lx 1 < r. Now we 
putA=K x {1,2,... , n} and H(,,+) = Viy. The proof is complete. 0 
Lemma 3.2. Let f : X -+ Y be an open continuous mapping, n E N and If-‘(y)/ = n 
for all y E Y. Let L c X, HI be dense in f(L), L1 = L \ clx(L n f-‘HI), HZ 
be dense in f(Ll), L2 = Li \ clx(L fl f-‘Hz), . . , Hk be dense in f(Lk_l), LI, = 
Lk_1 \ clx(L fl f-‘Hk), . . . Then L, = 8. 
Proof. The assertion is obvious if n = 1. Suppose that the assertion is true if If-‘(y) I = 
n - 1 for any y E Y. Assume now that If-’ (y) 1 = n for all y E Y. Fix the point 
y E f(L+_l) and the point 2 E f-‘(y) n L,_l. Then there exists an open in X set 
V 3 z such that flV is a homeomorphism and 
Vn(U{f-‘(Hi): i<n-1)) =0. 
Put 2 = f-‘(f(V)) \ V, L’ = 2 n L and g = f\Z: 2 -+ f(V). Then g is open and 
/g-‘(y)1 = n - 1 f or a 11 y E f(V). By virtue of the assumption, 
L’ C u { clx(f-‘(Hi)): i < n - l}. 
Hence f-‘(Hn n f(V)) c V and a: E clx(L n f-‘(H,)). The proof is complete. 0 
Proposition 3.3. L.et f : X -+ Y be a continuous open finite-to-one mapping of the 
space X onto the space Y. Then for every subspace Z of X there exists a sequence 
{Zn: n E II} of subsets of2 such that U{Zn: n E RI} is dense in 2 and fl,Z, is a 
homeomorphism for all n E N. 
Proof. It is sufficient to prove the assertion in the case where If-’ (y)) = m for all 
y E Y and some m E N. 
Let f-‘(y) = {xl(y), . . . , xc,(y)} for all y E Y. Fix the open in Y set Uy 3 y 
and the disjoint open in X sets Vly 3 ZI (y), . . , V,y 3 x~(Y) such that flViy is a 
homeomorphism and f(Viy) = Uy for each i < m. 
Fix an open in f(2) disjoint family of sets {WA: (Y E A, } such that WI = 
lJ{Wd: a E Al} is dense in f(2) and for all Q E A1 there exists y(a) E f(2) 
such that l4.J: C Uy(a). Put 2, = 2 \ clx(Z n f-‘(WI)). If 21, is constructed, 
then there is an open in f(zk) disjoint family of sets {IV,““: a E Ak+l } such that 
Wk+, = lJ{W,““: a E A~+I} is dense in f(Zk) and each IV:+’ C Uy(cy) for some 
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y(a) E Y. By virtue of Lemma 3.2, the set U{Z n f-‘(Wi): i < n} is dense in 
2. For every i,j < n we put ZC~,~) = U{Z n f-‘(I&‘:) n V,y(o): cy E Ai}. Then 
U{Z,,,j,: %> .i < n} is a dense set in 2 and fiZ,,,j) is a homeomorphism for all i, j 6 R. 
In this case the sets Zc,,j) are open in Z. Therefore, in the condition of Proposition 3.3, 
we can assume that Z, are the difference of closed sets. The proof is complete. CI 
Denote by 1(X) = min{T: every open cover of X contains a subcover of X of cardi- 
nality 6 r}-the Lindeliif degree of X, by wl(X) = min{r: for every open cover y 
of X there exists a subsystem < C 7 such that ]<I < r and UT is dense in X}- 
the weak Lindelof degree of X, by d(X) = min{ IY I: Y is dense in X)-the den- 
sity of X, by hlX = sup{l(Y): Y 2 X)-the hereditary Lindeliif degree of X, 
by Hal = sup{wl(Y): Y C X)-the hereditary weak Lindelof degree of X, by 
hd(X) = sup{h(Y): Y c X}-the hereditary density number of X, by e(X) = 
sup{ /YI: Y is closed discrete subspace of X)-the extent of X, by s(X) = sup{ /Y/: Y 
is a discrete subspace of X)-the spread of X. 
From Propositions 3.1 and 3.3 follows: 
Corollary 3.4. Let f : X --) Y be a continuous open finite-to-one mapping of X onto Y. 
Then d(X) = d(Y): h&(X) = hd(Y), h!(X) = hi(Y). hwl(X) = hwl(Y), s(X) = 
s(Y). 
4. Supports of vectorial measures 
Fix the normed linear spaces E and F. 
Denote by L,(X, E, F) the space M(X, E, F;a(X)) of all continuous linear map- 
pings of the space C&(X, E) into the space F in the topology of the pointwise conver- 
gence and by A&(X! E, F) the space M(X. E. F, N(X)) in the topology of compact 
convergence. 
Denote by L(X, E, F) the space of all linear mappings of C(X, E) into F in the topol- 
ogy of pointwise convergence. By construction, L,(X, E, F) is a subspace of the space 
L(X, E. F) and the identical mapping ix : Ma(X: E. F) ---f L,(X! E, F) is continuous. 
For every z E X a continuous linear mapping pzl:  C, (X, E) - E is defined by the 
rule pz(f) = f(z). Putting ex(z) = pL, gives the canonical evaluation mapping ex of 
X into ,5,(X. E, E) and h/l,(X, E, E). 
Fix the spaces X and Y and the continuous linear mapping u : C, (X. E) + CO (Y, F). 
Then the dual linear continuous mapping u : L,(Y, F, F) + L,(X, E, F) is defined, 
where v(p) = IJ o u for all ,U E L,(Y, F, F). 
Following A.V. Arhanghelskii [l] and V. Valov [30], for each measure p E L(X. E. F) 
the support of p in X is the set suppx(p) of all points z E X satisfying the condition 
that for every neighbourhood U of 2 in X there is f E C(X, E) such that p(f) # 0 and 
j(X \ U) = 0. L e ey : Y + L,(Y. F, F) be the canonical evaluation mapping. Then t 
we put suppx(y) = suppx(v(ey(y))) for all y E Y. Many of the following properties 
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are well known in C,-theory (see [l-4,10-13,21]). In general case for compact-open 
topology and pointwise convergence topology they were proved in [30]. 
Property 4.1 (11, Proposition 21; [30, Proposition 2.2)). If CL is a nonzero element of 
L, (X, E, F), then: 
(4 suppx(p) E a(X); 
(b) if.f,g E C(XJ) and f1su~~Jl.t) = gl SUPPX(~L)~ then p(f) = p(g); 
(c) there is a number c(p) > 0 such thatfor every f E C(X, E) we have Ilp(f)il < 
C(P) . suP{llf(z)ll: z E suPPx(p)1. 
Proof. The set supp,(p) is closed in X. If E > 0, f E C(X, E) and X C X, then we 
denote 
A(f, K,E) = {g E C(X, E): llg(x) - f(x)11 < E for all 2 E K}. 
Since p is continuous at 0 E Ca(X, E), then there are nonempty element K E a(X) 
and E > 0 such that Ilp(f)II < 1 f or every f E A(0, K, E). Then supp.&) G K. 0 
Property 4.2 ([3] for E = F = R, [30, Proposition 2.91). The set-valued mappings 
suppx : L,(X, E, F) + X and suppx : A&(X, E, F) + X are 1.s.c. 
Proof. Let U be an open set in X, 
V = {p: supp,(p) n U # 0) and p E V. 
Fix z E suppx(p) f7 U and an open set W in X such that z E W & clx W c U. There 
is f E C(X, E) such that p(f) # 0 and f(X \ W) = 0. The set H = {q: q(f) # 0) is 
open in L,(X, E, I?) and H C U. Hence U is open in L,(X, E, F). 0 
Property 4.3. The set-valued mapping suppx : Y + X is lower semicontinuous. 
Proof. The evaluation mapping ey is an embedding of Y into L,(Y, F, I?). Property 4.2 
completes the proof. q 
Property 4.4. if L is a bounded in Y set, then suppx (L) = lJ(suppx (y): y E Y > is a 
bounded in X set. 
Proof. Follows from Proposition 2.1 in [30] (for E = F = R see the proof of Proposi- 
tion 1.2.8 from [ 131). q 
Property 4.5 ([30, Proposition 4.91; [3] for E = F = IR). Zf u is an injection then 
suppx(H) is a dense in X set provided H is dense in Y. 
Proof. Suppose that 5 $ clx(suppx(H)). Then there exists a mapping f E C(X, E) 
such that f(z) # 0 and f(suppx(H)) = 0. Sir7ce fl suppx(y) = 01 suppx(y) for every 
y E H and H is dense in H, from Property 4.1, we have u(f)(y) = 0 for all y E Y. 
Because ‘1~ is injective, we obtain f = 0, a contradiction. q 
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Property 4.6. !f K E a(Y), then clx(suppx(K)) E o(X). 
Proof. There exist E > 0 and F E QI such that u(A(0, F, E)) c A(0, K, 1). We obtain 
that suppx(K) 2 F. 0 
Property 4.7. Let u be a linear homeomorphism. Then x E clx(suppx (suppy (x))) for 
every x E X. 
Proof. We have a pair of set-valued mappings 
suppx:Y+X and suppy:X+Y. 
The mapping suppy is defined by the linear homeomorphism U-’ : C, (Y, F) + 
Ca(X, E). Suppose that x $ c1x(supp,(supp,(z))) = @. Then there exists f E 
C(X,E) such that f(z) # 0 and f(Q) = 0. Hence u(f)(y) = 0 for all y E Y. 
Since u is a linear homeomorphism, u-‘(u(f))(z) = f(z) = 0, a contradiction. 0 
Property 4.8. Let 21: Ca(X, E) -+ C,(Y, F) be a linear homeomorphism. Then x E 
supp,(suppy(2)) for all x E X. 
Proof. In this case supp,(z) is a finite set and suppx(suppy (x)) is compact. Prop- 
erty 4.7 completes the proof. 0 
Property 4.9. Let 21: C,(X, E) -+ C,(Y, F) be a linear homeomorphism. Then 
suppx : Y -+ X and suppy : X + Y is a set-reflective pair of set-valued mappings. 
Proof. Follows from Properties 4.4 and 4.7. 0 
Denote by Sx : Y ---) X the minimal extension of the mapping suppx. 
Property 4.10. Let X be a ,u-space and u be an injection. Then: 
(1) if y is a wq-point of Y, then SX (y) is a nonempty compact subset of X and SX 
is upper semicontinuous at y; 
(2) if Y is a wq-space, then SX : Y -+ X is a compact-valued upper semicontinuous 
mapping onto X. 
Proof. Since u is injective, suppx(y) # 0 for all y E Y. The Property 4.4 and Theo- 
rem 2.6 complete the proof. 0 
Property 4.11. If X and Y are u-complete wq-spaces and u is a linear homeomorphism, 
then SX and Sy is a pet$ect-rejective pair of set-valued upper semicontinuous mappings. 
Proof. Follows from Property 4.9 and Corollary 2.10. •I 
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5. Main properties of functional spaces 
Fix the normed linear spaces E and F. Let X be a space and 
ex:X-+L,(X,E,E) 
be the canonical evaluation mapping. The following properties are well known for E = 
F = R (see [3,12,13,24]). 
Property 5.1. ex : X ---) L,(X, E, E) is an embedding and the set ex(X) is closed in 
L, (X, E, E). 
Proof. Because L,(X, E, E) C EC(XIE), ex is an embedding. Fix an element p E 
La(X, E, E) \ ex(X). Let ( supp, (p)l > 2. Fix two different points 5, y E suppx(p) 
and the disjoint open sets U, V in X such that z E U and y E V. By Property 4.2, the 
set W = suppX’ U f’? supp;’ V is open in L,(X, E, E), p E W and W n ex (X) = 0. 
Suppose now that suppx (CL) = {b}. Since pb # IL, there is a mapping  E C(X, E) 
such that P(g) # Pb(S) = g(b). 
Let h E C(X, E) and h(z) = g(b) f or every z E X. By virtue of Property 5.1, 
Ah) = P(g) # Pb(g) = Pb(h) and pal, = g(b) f or every z E X. Fix the disjoint open 
subsets U, V of E for which p(h) E U and pb(h) = g(b) E V. Then the set W = {q E 
L,(X,E,E): q(h) E U} is open in L,(X, E, E), p E W and W fl ex(X) = 0. 
Let supp,(p) = 0. Then p(f) = 0 for every f E C(X, E). Fix c E E such that 
([c/I > 1. Consider that U = {z E E: llzll < 1) and h(z) = c for every 2 E X. Then 
the set W = (7 E L,(X, E, E): q(h) E U} is open in LL2(X, E, E), p E W and 
W fl ex(X) = 0. This completes the proof. 0 
Property 5.2. There exists an embedding cp :X + L,(X, E, F) such that p(X) is a 
closed subset of L,(X, E, F). 
Proof. We consider that IR c E and R c F as a linear subspace. There exist the lin- 
ear continuous projections n : E --+ IR and p : C, (X, E) -+ C, (X, R), where n(t) = t 
and p(f)(z) = rG(x)) f or all t E IR, 2 E X and f E C(X, E). The dual map- 
ping 4 : L(X, R, R) + L,(X, E, F), where q(p) = p . p, is a linear embedding and 
q(Lcy (X, R, Q) IS a closed subset of L,(X, E, F). The Property 4.2 completes the 
proof. 0 
Property 5.3 ([24, Theorem 2.3.61). Zf X is a k-space, then ex : X -+ Mk(X, E, E) is 
an embedding and there exists an embedding of X in h/l,(X, E, F). 
The following assertion for Q(X) E {p(X), k(X)} was proved in [30] and for E = 
F=Rando=pwasprovedin[21]. 
Property 5.4. Let Q(X) be a compact set-ring of countable type. L,(X, E, F) is a 
p-space if and only if X is a p-space. 
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Proof. Since L,(X, E, F) is a closed subspace of L,(X, E x F, E x F), we consider 
that E = F. If L,(X, E, E) is a p-space, then X is a p-space as a closed subspace of 
&(X, E, E). 
Let X be a p-space. We effect a slight modification of the proof of Proposition 3.7 
in [30]. Consider the Gs-closure G of L,(X, E, E) in EC(X,E). Then G is Diedonne 
complete [20]. Every Diedonne complete space is a p-space. Suppose that K is a closed 
bounded subset of L,(X, E, E). Since K is bounded in G, to prove that K is compact it 
is enough to show that it is closed in G. By Property 4.4, H = clx (supp, (K)) is a com- 
pact subset of X. The restriction mapping 7r : C, (X, E) --f C, (H, E), where Q(H) = 
a(XlH), is continuous and open. The dual mapping p : L(H, E, E) 4 L(X, E, E) is a 
closed linear embedding and COG K C (p(L(H, E, E)). Let p E COG K, v E L(H, E, E) 
and p = (P(Y). Let B & C,(X,E) and g E clB. Since o(XIH) is a Lindelof space, 
there exists a countable subset A of B such that g E cl A (see [24, Theorem 4.7.11 for 
E = IR). There is a countable set L) C C,(X, E) such that n(D) = AU {g} and nlD is 
a homeomorphism onto r(D). Since D is countable there is a ~1 E L,(X, E, E) such 
that I = cl(f) f or each f E D. Let h E D, 7-r(h) = g and Al = D\ {h}. Because 1-11 
is continuous on C,(X, E) and h E clAi, then p(h) = PI(h) E clpi(Ai) = clp(Al). 
Hence v(g) E clv(A) 2 clv(B) and ti is continuous on C,(H, E). Therefore 
I_L E L,(X, E, E) and K is closed in G. The proof is complete. 0 
An a-cover of a space X is a family of subsets of X such that every member of o(X) 
is contained in some member of this family. Then the a-Arens number of X (see [24]) 
is defined by 
cm(X) = w + min{lXI: y c Q(X) and y is an cy-cover}. 
Property 5.5 ([17, Theorem 4.4.11 for E = R). x(Cn(X, E)) = W(X). 
Proof. Put U, = {z E E: llzll < 2~“}. The family y 2 o(X) is an a-cover if and only 
if {a(@, Un): @ E y, n E N} is a base of neighborhoods of the point 0 in CQ(X, E). 
The proof is complete. 0 
Property 5.6 ([24, Theorem 4.3.11 for E = IR). x(C,(X, E)) = wac(X), where 
wcuc(X) = min{ 171: y C o(X) and UT is dense in X} 
is the a+covering number of X. 
Proof. If y & a(X), then U y is dense in X if and only if n{u(@, Un): Q, E y, n E 
RI} = (0). The proof is complete. 0 
Property 5.7 ([24, Theorem 5.6.21 for E = R). If E is a separable normed linear space 
and X is submetrizable, then Ca(X, E) contains a dense u-compact subset. 
Proof. Let {b,: n E N} be a dense subset of E, bo = 0, ‘p : X -+ 2 be a continuous 
bijection onto a metric space 2 and {U,“: ,8 E A,, n E IV} be a base of the space 2, 
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where “in = {Vi: /3 f A,} is a discrete family in Z. Suppose that R & E, C&(X, IR) & 
Ca(X, E), fo E C(X,R) and fo(x) = 0 for all z E X. For all n. E N and p E A, we 
fix the point xn~ E cp-’ (Ui) and a continuous function fnp : X -+ [0, l] c JR such that 
f&%0) = 1 and f,;(O) = X\cppl(UF). Denote by Qn the set {fo, fna: p E An}. If 
H is a compact subset of X, then the set { /3: fnglH # fo\H} is finite. Hence @, is a 
compact subset of C, (X, E). For every n E N the set 
L, = {Plfl +.~.+/%fn: PI,... ,P?l E [-%4, fl,. . ,fn} E up: i < n} 
is a compact subset of C,(X, R) and L = U{Ln: n E RI} is a linear subspace of 
C,(X, IR). The functions from L separate the points of X. Hence, from Theorem of 
Stone-Weierstrass [20], L is dense in C,(X, IR). By construction, L, c L,+l. 
Now for every f E Co!(X, IR) and n E N construct the function n(f), where n(f)(x) = 
f(x).&. Then & = {nl(f~)+...+n,(f~): fl,...,fm EL,, 721 +...+nm <n} 
is a compact subset and the set H = U{Hn: n E N} is dense in Ca(X, E). The proof 
is complete. 0 
Property 5.8 ([24, Theorem 5.6.31 for E = R). Zf E is a separable normed linear space 
and X is a k-space, then the following assertions are equivalent: 
(1) X is submetrizable; 
(2) Ck(X, E) contains a dense u-compact subset. 
Proof. Implication (1) + (2) follows from Property 5.7. Suppose that Ck(X, E) con- 
tains a dense a-compact subset. From Property 5.6, Ck(Ck(X, E), E) is submetrizable. 
By virtue of Property 5.3, ex is an embedding of X in a subspace A&(X, E, E) of 
Ck (Ck (X, E), E). The proof iS complete. 0 
Corollary 5.9. Let E be a separable normed linear space, X be a submetrizable space 
and Y be a k-space. If Ck (X, E) and Ck (Y, F) are homeomorphic spaces, i.e., X and 
Y are tk(E, F)-equivalent spaces, then Y is submetrizable. 
Proof. By Property 5.7 the spaces Ck(X, E) and Ck(Y, F) contain dense a-compact 
subsets. From Property 5.6, Mk(Y, F, E) is submetrizable. By virtue of Property 5.3, Y 
is a subspace of &fk(Y, F, E). The proof is complete. 0 
Corollary 5.10. Let E be a separable Banach space, F be a Banach space, X be 
a p-complete submetrizable space and Y be a p-complete k-space. If X and Y are 
1, (E, F)-equivalent spaces, then Y is submetrizable. 
Proof. Let h : C, (X, E) --f Co/(Y, F) be a linear homeomorphism. By Proposition 3.6 
from [24], h is a homeomorphism between the spaces Ck(X, E) and Ck(Y, F) (see [l] 
for E = F = IQ. Corollary 5.9 completes the proof. U 
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From Corollaries 1.3 and 5.10 and Property 5.4 follows: 
Corollary 5.11. Let E be a separable Banach space, F be a Banach space, X be a 
metrizable space and Y be a wq-space. Suppose that Y is p-complete or a(X) is a 
compact set-ring on X of countable type. (f X and Y are l,(El F)-equivalent spaces, 
then Y is metrizable. 
Corollary 5.12. Metrizability is preserved by l,-equivalence and by lk-equivalence in 
the class of wq-spaces. 
The Corollary 5.12 solves the Arhangel’skii’s Problem 20 from [2]. 
6. The main results. The case of perfect mappings 
Fix the normed linear spaces E and F. 
Theorem 6.1. Let a property P of spaces satisfy the condition: 
(p) if f : X -+ Y is a perfect mapping of X onto Y, then X E P if and only ifY E P. 
Then: 
(1) if the property P is hereditary with respect to closed sets, u : Ca(X, E) + 
Ca(Y, F) is a continuous linear injection, X is a p-space and Y contains a 
dense continuous image of a wq-space with the property P, then X contains a 
dense continuous image of a space with the property P; 
(2) ifu:C,(X,E) -+ C, (Y, F) is a linear homeomorphism, X and Y are wq-spaces 
and o(Y) is a compact set-ring on Y of countable type or X is a p-complete 
space, then: 
(2.1) Y is a p-complete space and a continuous image of a space with the property 
P if and only if X is a p-complete space and a continuous image of a space 
with the property P; 
(2.2) Y is a p-complete space with the property P tfand only ifX is a p-complete 
space with the property P; 
(3) ifu:C,,(X,E) --f C,(Y! F) is a linear homeomorphism and Y is a p-complete 
space and a continuous image of a space with the property P, then X is p-complete 
and it is a continuous image of a space with the property P. 
Proof. Suppose that X is a p-complete space, 2 is a wq-space with the property 
P, h: 2 + Y is a continuous mapping and u : C,(X, E) + C,(Y, F) is a continu- 
ous linear mapping. Then cp : 2 --f X, where cp = supp, (h(z)) for all z E 2, is a 
bounded mapping. By Theorem 2.2, the minimal extension 1c,: 2 -+ X of I,D is U.S.C.C. 
Then $2 : Gr(Q) + Z is a perfect mapping onto a closed subspace of Z and Gr($) E P. 
If u is an injection and Q(Z) is dense in Y, then from Property 2.6, Q(Z) is dense 
in X and $,x(Gr(lji)) = $(Z). Th e assertion (1) is proved. Moreover, if u is a linear 
homeomorphism, a!(X) = p(X) and h(Z) = Y, then from Property 4.8 we have ti(2) = 
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X. The assertion (3) is proved. The assertion (2) follows from Property 4.11 and from 
the properties of perfect-reflective pairs. 0 
The invariance of covering properties under perfect mappings are well presented in 
[15,19,20,23]. These facts are applied in the following examples. 
Examples 6.2. The following properties of a space X are 1, (E, F)-invariant in the class 
of wq-spaces: 
(1) X is a paracompact p-space; 
(2) X is a paracompact space; 
(3) X is a p-complete metacompact p-space; 
(4) X is a ,kcomplete metacompact space; 
(5) X is a p-complete metalindelof space; 
(6) X is a ,u-complete k-scattered space; 
(7) X is a p-complete space of a countable type; 
(8) X is a p-complete monotonical p-space; 
(9) X is a p-complete monotonical Tech complete space; 
(10) X is a p-complete p-space; 
(11) X is a p-complete Tech complete space; 
(12) X is a Lindelof space; 
(13) X is a Lindeliif C-space; 
(14) X is a K-analytic space; 
(15) X is a a-compact space; 
(16) X is a p-complete locally compact space; 
(17) X is a p-complete r-Lindelof space; 
(18) X is a p-complete subparacompact space; 
(19) X is a p-complete submetacompact space; 
(20) X is a p-complete para-Lindelof space; 
(21) X is a p-complete a-para-Lindelbf space. 
Examples 6.2.11-6.2.17 were examined by V. Valov [30]. The normal space X with 
one of above covering properties is p-complete, because every closed bounded subset of 
normal space is countable compact. 
7. The main results. Case of open mappings 
Fix the normed linear spaces E and F. 
Theorem 7.1. Let a class P of topological spaces satisfy the conditions: 
(oi) if f : X -+ Y is an open$nite-to-one continuous mapping onto Y, then X E P if 
and only if Y E P; 
(ci) if f : X + Y is a continuous mapping and X E P, then f(X) E P. 
Then: 
(1) P is an l,(E, F)-invariant property; 
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(2) if u : C,(X, E) -+ C,(Y, E) is a linear continuous injection and Y contains a 
dense subspace with the property P, then X contains a dense subspace with the 
property P provided the proper@ P is hereditary with respect to open subsets; 
(3) ifu:C,(X,E) + C,(Y, E) is a continuous linear surjection and Y contains a 
dense subspace with the property P, then X contains a dense subspace with the 
properzy P, too. 
Proof. Let u : C,(X, E) --t C,(Y,F) be a continuous linear mapping. Then ‘p = 
suppx : Y + X is a finite-valued I.s.c. set-valued mapping and U = qa-’ (X) = {y E 
Y: q(y) # 0} is open in Y. Let 2 be a dense subspace of Y and 2 E P. Then 
5’ = ‘p;‘(Z) C Gr(cp) admits a continuous mapping onto U 0 2. If u is an injection, 
then ipx (S) is dense in X. If u is a surjection, then U = Y. If ‘u. is a homeomorphism, 
then p(Y) = X. By conditions, cpx(S) E P provided U n 2 E P. 0 
Examples 7.2. The folIowing properties of the spaces X are 1,(E, F)-invariant proper- 
ties: 
(1) d(X) < r; 
(2) M(X) < 7; 
(3) hi(X) 6 7; 
(4) hwl(X) 6 7; 
(5) to be a continuous image of a space of weight < 7; 
(6) to be a continuous image of a eech complete space of weight < 7; 
(7) to be a continuous image of a metric space of weight < 7; 
(8) s(X) < 7-. 
8. On the invariant properties 
The main results of Section 6 are formulated in the class of p-complete wq-spaces. 
The method of mappings permits to improve the results of this section. 
A space X is called a space of the pointwise countable type if every point is contained 
in some compact subset of the countable character. A space X is called a q-space if for 
every point z E X there is a sequence {Un: n E N} of the open subsets such that 
z E fl{&: n E l’+J} and each sequence {gn E U,: n E N} has an accumulation 
point. Every space of pointwise type is a q-space and every q-space is a wq-space (see 
WWOI). 
Proposition 8.1. Let p : X + Y be a set-valued mapping of a q-space X into a p- 
complete space Y. If for every closed countably compact subset F of X the set q(F) is 
bounded in Y, then the minimal extension $ : X ---t Y of ‘p is U.S.C.C. 
Proof. Fix a point 20 E X. There is a sequence {Un: n E W} of open subsets of X such 
that 20 E Un+l 2 cl U,+l _ C U, for every n E W and each sequence { ym E U,,: m E IV} 
has an accumulation point in X . In this case for every sequence H = { yn E U,: n E IV} 
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the set clx H is countably compact. Now we have a possibility to apply the method from 
the proof of the Theorem 2.2. q 
The class CTP is the intersection of all classes of spaces satisfying two conditions: 
(1) every q-space belongs to the class; 
(2) if f :X + Y is a perfect mapping onto Y and one of the spaces X, Y is of the 
class, then the other space belongs to the class. 
By construction, Y E CTP if and only if there exist a q-space X and a set-valued 
perfect mapping cp : X + Y onto Y. 
Corollary 8.2. The assertion of Proposition 8.1 is true if X E CTP. 
Corollary 8.3. Let the set-valued mappings cp :X -+ Y, $ : Y + X and the spaces 
X, Y satisfy the conditions: 
(1) X and Y are p-complete spaces; 
(2) X, Y E CTP; 
(3) z E cl($(cp(z))) for every 2 E X; 
(4) Y E cl(cp($G))) for every Y E Y; 
(5) if F is a countably compact closed subset of X, then p(F) is bounded in Y; 
(6) if H is a closed countably compact subset of Y, then q(H) is bounded in X. 
Then there is a pe$ect mapping 8 : X -+ Y for which 0, 9-l is a pe$ect-rejective 
pair of set-valued mappings. 
Corollary 8.4. The results of Section 6 remain true if the condition “the space is wq- 
space ” is replaced by condition “the space belongs to CTP". 
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